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If a quantum channel or process cannot be described by any measure-and-prepare scheme, we 
may say the channel is in quantum domain (QD) since it can transmit quantum correlations. The 
concept of QD clarifies the role of quantum channel in quantum information theory based on the 
local-operation-and-classical-communication (LOCC) paradigm: The quantum channel is only useful 
if it cannot be simulated by LOCC. We construct a simple scheme to verify that a given physical 
process or channel is in QD by using two non-orthogonal states. We also consider the application 
for the experiments such as the transmission or storage of quantum optical coherent states, single- 
photon polarization states, and squeezed vacuum states. 



I. INTRODUCTION 

A transfer of an unknown state is a primary object of quan- 
tum information science. Since the phrase "unknown state" 
suggests that the physical system is possibly entangled with 
another system, the foundation of this object can be related 
with the change of quantum correlation thorough the transfer 
process. Associated with the maintenance of the inseparabil- 
ity, a distinguishing class of local operations is the so-called 
entanglement breaking (EB) channel that breaks any entan- 
glement, i.e., a local operation $ is EB if 1a <S> &b{pab) is 
a separable state for any state pab [2, @1- It is well-known 
that an operation is EB if and only if it can be written as a 
measure-and-prepare (M&P) scheme that assigns the output 
states based on the classical data obtained by the measure- 
ment of the input states. When a process is not a M&P 
scheme, there exists an entangled state that maintains insep- 
arability after the process and it can transmit non-classical 
correlations. Hence, it is natural to say that the process is in 
quantum domain (QD) if the process is not a M&P scheme. 
This poses clear distinction between quantum processes and 
classical processes firmly based on the maintenance of quan- 
tum correlation. In quantum information theory, the local 
operation and classical communication (LOCC) is set free to 
use, hence, the quantum channel is only useful if it cannot 
be simulated by LOCC. The assurance of QD processes tells 
us that a given quantum channel is different from any LOCC 
channel. Subsequently, the criterion for QD processes has 
been quantum benchmark of the experimental success of core 
physical processes, such as transmission or storage of quan- 
tum states [3, 3 [Hi- Mathematically, the set of QD channels 
is connected with a set of inseparable states by Jamiolkowski 
isomorphism 1, 2, 6], and the concept of QD is considered to 
be the inseparability of quantum channels |7|. 

In principle, one can determine a given process by the pro- 
cess tomography, and check the necessary and sufficient con- 
dition for EB channel P, Q{. However, tomographic recon- 
struction is not always easy to perform. Assuming a prac- 
tical channel and a limited set of experimental parameters, 
several QD criteria have been proposed associated with the 
quantum key distribution (QKD) 0, [l(J. Thereby, the 
problem is rather identified as a type of entanglement verifi- 
cation/detection and the formulations are deeply related with 
the entanglement witness On the other hand, it might be 
more direct to demonstrate better-than-classical performance 
by introducing certain figure of merit when one shows the 
success of experiments. A familiar approach is to investigate 
the average fidelity of the process with respect to an ensemble 



of states [UGJEi. If 

one can find the upperbound of the 
average fidelity achieved by the M&P schemes, surpassing the 
bound is a sufficient condition of QD processes 0, 3, 3, 03] ■ 
The optimization problem of the average fidelity is also inves- 
tigated in the state estimation and optimal cloning [151. 1 161] - 

Aside from the quantum inseparability, an assurance of gen- 
uine quantum devices could be that not only a set of orthogo- 
nal states but also a set of their supperpositions is cohere ntly 
transferred. As in the sprit of the two-state QKD scheme [17] . 
the coherence can be demonstrated by testing with two non- 
orthogonal states, and it would be important to construct an 
experimentally simpler verification scheme of QD processes 
as well as a solid foundation on the primary object. Based 
on the transmission of binary coherent states and quadrature 
measurements, a verification scheme is developed in [j| licj . 
A general approach that concerns the average fidelity for two 
non-orthogonal states is found in Ref. fl4| . 

In this paper, we construct a simple verification scheme of 
QD processes using two non-orthogonal states as a variant of 
[141 ] . The setup is as follows: A pair of pure states \ip±) with 
non-zero overlap is prepared and experiences a physical pro- 
cess E. Suppose that the process E converts the input states 
as p± = E(\ip±){ip±\), and the projection probabilities of the 
output onto the pair of target states \ip'±), say h = {ip' + \p+\ip' + ) 
and a = jp_ , are measured. We show the condition 
on a and b that ensures that the process is in QD. We derive 
the criterion in Sec. II and consider applications for quantum- 
optical experiments in Sec. III. We make a conclusion in Sec. 
IV. 



II. CRITERION FOR QUANTUM DOMAIN 
PROCESSES WITH TWO INPUT STATES 

A. Average fidelity and its classical boundary for 
transformation task of a set of states 

Any physical process is described by a completely positive 
trace-preserving (CPTP) map We define the average 

fidelity on a process E with respect to the transformation 
task from a set of input states { | }" to a set of target states 
{|t/>i}} with a prior distribution {pi} [S\ by 

F = 5>i<V>-|£(|V>i>(^|)|V0- (1) 
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The process is simulated by the M&P schemes when we can 
write 



(2) 



where {Mk} is a positive-operator valued measure (POVM) 
and pk is a density operator. The classical boundary of the 
average fidelity for the task {IV'i}} — * {IV'i}} i s defined by the 
optimization over the M&P schemes: 

F c EE Sup ^^2p i {-lpi\M k \Tp i }{4l' i \p k \4l' i ) 
M k,Pk i fc 



sup^] 

M k k 



J2MHMk\4>iM)(^ 

i 

supy^ L4 fc . 



(3) 



where || ■ ||oo denotes operator norm. We can verify the pro- 
cess E is in QD if measured F exceeds F c . Note that the 
optimization problem reduces to the problem of the mini- 
mum error discrimination (MED) 19j when {ip'i\^p'j) = Sij. 
In this case we can see that F c > F for any CPTP, and the 
orthogonal-target task is not useful to make the QD verifica- 
tion scheme. An interesting point is that the quantum corre- 
lation gains the score if the problem moves from the point of 
the MED problem. With the non-orthogonality between the 
target states KV'ilVOI as a parameter we can work on a uni- 
fied framework that includes the two widely investigated class 
of the problems: the state estimation |(^|^-)| = KV'ilV'j)! 
El GJ, El EE EH and the MED problem. The relation be- 
tween the two problems was discussed in a different aspect 
HI. 



B. Classical boundary fidelity for two-state case 

We start the two-state case by denoting i = ± and all the 
relations between the states are described by two parameters 



7 

/ 

7 



(4) 



The upperbound F c can be obtained by following the discus- 
sion given by Fuchs and Sasaki E3 where 7 = 7', however, 
the proof of the bound is somewhat complicated. Here, we 
provide a different derivation of F c and the proof is quite sim- 
pler. 

By choosing the orthogonal basis of the target states |±') = 
{\rp'+) ± I V— >)/x/2(l ±7'), we can write 



A h = - 



where we defined 

P = 
A £ 

and 



A fc yr=y^ p fc (i™7') 
p+\ip+) + p-\il>-} (ip-\ 

P+\lp+){^+\ — P— > ("0— I 



Pk 

A, 



TrM fci S 
TrMfeA. 



(5) 



(6) 
(7) 

(8) 
(9) 



Then we have 



IUJ = i f Pk + Jpk 2 !' 2 + A k 2 (l - 7 ' 2 



(10) 



and 



i ( l + sup^p fc y / 7 '2 + (i 

V Mk k 



2 )A k 2 /p k 



(11) 

Let us choose the orthogonal basis of the input states |±) ss 
± t/>-))/-\/2(1 ± 7), and define the Pauli operators by 

*o = l+X+l + l-X-U* = l+X+l - l-X-l,^ = l+X-l + 

l— X~H> &v = *l — )(+ — *I+XH- Then, we can write 

G „ 



P = 



CO 



- PGo x sin (f>o + —a z cos (f>o 
A = - {Pdo + Ga x sin tj> + Ga z cos </> Q ) 



where we defined 



P+ -P- 



G EE ^/p2 7 2 + (1 _ 7 2 

El 

G 



J. r I 
cos 0o = —pr 



sin (j>o 



yi~72 
G ■ 



(12) 
(13) 

(14) 
(15) 

(16) 
(17) 



Since Ti(pa y ) = Tr(A& y ) = 0, we can choose the opti- 
mal POVM so that Tr(Mfc<7y) = without loss of generality. 
Then, we can describe rank-1 POVM element Mk as a real 
vector in the Bloch sphere with a single parameter <j>k, 



Tv(M k a z 



= cos((j> k + 4>o) 



TrM fe 

Tr(M k a x ) . 

* = sin(0fc + 0oj 

TrM fc 



(18) 
(19) 



The condition of the POVM, ^ fc M k = 00, implies 

^Tr(M fe a z ) = TrM ^ cos(<j> k + 4>o) = (20) 
fc fc 

^ Tr^cr*) = ^ TrM k sm{<j>k + 4>o) = 0. (21) 
fc fc 

Using Eqs. (|12I19[1 we can rewrite Eq. (fTTj) as 

Fc = I(\ + sup£^V7v^) (22) 

V M fc fc / 

where 

ee (1- 7 ' 2 )(P + Gcos0) 2 + X_ x 

[g + Pcos^- (1 - P 2 ) 7v /l - 7 2 sin^] 2 . 

(23) 

In order to find an upperbound of F c , let us consider a 
three-dimensional loop {(x,y,z) = (cos <j>, sin <j>, \J f{<p))\0 < 
4> < 2n} and its tangent plane who has two points of tangency 
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with <f> = and (f> — tv. If we define another loop on the plane 
{(x,y,z) — (cos 0, sin </>,<?(</>)) |0 < <j> < 2it} with 

g{4>) = K+-^[k 2 P cos 

-7 ,2 (1 - P 2 )-y\/l - 7 2 sin</>J , 



and 



K 



^7' 2 + (l-7' 2 )G 2 , 



(24) 



(25) 



then we can directly verify that the latter loop is always above 
the former one, that is, 

g(<P) 2 - m 

= ^( 1 -7 2 )(l-^ 2 )(l-7 2 )x 

[(1 - 7 ' 2 )G 2 + 7 ' 2 (1 - (1 - i>V)] > 0. (26) 
With this inequality and Eqs. ED O , we obtain 



TrM fc 



M k k 



The upperbound is achievable by the POVM with two ele- 
ments, <f)k — and <f>k = i", which form spectral decomposi- 
tion of A. Therefore, we obtain 



F c 



(1 + K) 



+ 1-B 



(28) 



where we introduced the key parameter that represents the 
"total non-orthogonalty" of the state transformation 



B 



(1 



/2 N 2 

7 n ■ 



(29) 



This quantity measures the non-orthogonality of the input 
states 7 with respect to the non-orthogonal axes \tp'±). When 
the target states are orthogonal B reduces to 7 and F c cor- 
responds to the success probability of MED for the two-state 
ensemble {p±, \if>±)}. 

It is worth noting that in the two-dimensional case the 
extreme EB map is classical- quantum (CQ) map, that is, the 
measurement is orthogonal projection (see, Th. 5 (D) of [J|). 
Our approach here is in a sense to find the extreme point of EB 
maps. Hence, the same result will be obtained by restricting 
the optimization over CQ maps. Another approach for the 
optimization problem is found in a different context 12111. The 
optimization of F over CPTP maps is considered in [2^ |. 



C. Criterion for quantum-domain transformation 
of two non-orthogonal states 

Now we proceed to make the criterion for QD processes 
given the observed probabilities, b = (ip' + |p+|-i/ , + ) and a — 
(ip'-\p-\ip'-) , where p± = EQtj3±}{ip±\) is the output of the 
channel corresponds to the input \ip±). With the expression 
of the classical boundary fidelity F c of Eq. ([28} , the problem 



is the existence of p+ that satisfies F = p+b + (1 — p+)a > 
F c (p+). Let us consider F and F c as functions of p+ (see 
FIG. []J,). Then we can see that F > F c is satisfied if the 
segment that connects (0, a) and (1,6) is above the tangent 
line of Fc whose slope is b — a. The condition is a > — F* (b—a) 
where F* is the Legendre transform of F c defined by F* (A) = 
mm i/2< p+ <i{Ap+ — F c (p+)}, noting that F c is convex. In 
this case, we can obtain —F*(b — a) = F c (po) — (6 — a)po 

where p = | (l + (6 — a)^J~- } 

a. 



is the solution of 



the equation q^-F c — b 



B(B-(b—ay) 

From elementary calculation we 
obtain a simple QD condition in terms of the direct arithmetic 
mean the slope b — a, and the overlaps 7 and 7', those 
are in B defined by Eq. 



a + b 1 , , 
— > 2 |14 



(l-j?)(B-(ft-q)2) 

B 



(30) 



Typical behavior of the boundary with respect to a and b for 
various B is shown in FIG. [lp. 



F=p b+(\-p )a 



-F"(b-a) 



(a) 





0.2 



(b) 



FIG. 1: (a)The relation between the average fidelity F and the 
classical boundary F c as a function of the prior probability p+. 
(b)The classical-quantum boundary for the fidelities a and b 
specified by Criterion (|30p is shown for B — 0.1,0.5,0.9, and 
0.99. 

This criterion provides a relation between the change of 
"purity" and the change of non-orthogonality in order that 
the process maintains the inseparability (The fidelities give 
a lowerbound of the purity and operator norm of the output 
states such as Trp+ > a 2 and ||p+||oo > a). Certainly, the 
criterion is satisfied if both of the input states preserves the 
purity, i.e., a = b = 1. Moreover, it is known that a qubit 
channel is EB channel if it transforms a pure two-qubit entan- 
gled states into a separable state [23)] • Hence, if our criterion is 
satisfied, we can fine a set of pure two-qubit entangled states 
whose inseparability survives after the local process. 

It might be valuable to consider the case where the in- 
put states are mixed states. Suppose that the input mixed 
states <j± are prepared by subjecting a CPTP map C on a 
pair of pure states \<j>±)- If the total process E o C is in 
QD, it is clear that E is in QD. Then, we can use the cri- 
terion assuming the task \cj>±) — > \ip±)- Since the condition 
that there exists a CPTP C satisfying a± = C{\(j>±)(<f>±\) is 

I I </>__} I < Tr^/ a]^ 2 d-d\^ 2 , we obtain the criterion in the 
case of mixed input by replacing 7 with the Uhlmann fidelity 

Try^ 



1/2; 



.1/2 
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III. APPLICATIONS 
A. transmission of binary coherent states 

In quantum optical experiments, one of the most accessi- 
ble state is the optical coherent state \a) = D(a)\0) where 
D(pi) — e aat_a a i s the displacement operator and |0) is the 
vacuum state defined by a\0) = 0. In many situations, the 
ideal lossy channel is useful to describe the transmission of 
the coherent state as a first approximation. The ideal lossy 
channel with the transmission r\ transforms the coherent state 
as |q) | y/rjot) . This evolution preserves the purity and the 
ideal lossy channel is clearly in QD. A natural question is 
the maintenance of coherence in the presence of excess noise 
@, US IH. For the case of Gaussian-distributed input 
coherent states on the phase-space, one can find QD criteria 
where the noise is measured in terms of quadrature variance 
[H, [|| or average fidelity [fj. 

In order to apply our criterion for a lossy channel one 
may use the binary coherent state \tp±) = | ± a) and choose 
\ip'±) — | ± ^/rja>). We can take a > without loss of gen- 
erality. The experimental data a and 6 are directly mea- 
sured by the photon detection after appropriate phase-space 
displacement [jj. The threshold photon detector discrim- 
inates the more-than-one-photon states from the vacuum 
state, and the measurement statistics give the probability 
of the projection to the vacuum state Tr / 3|0)(0| = (Q\p\Q). 
Hence, the photon detection after the displacement D(— a) 
gives the projection probability to the coherent states \a) so 

that Tr ^D(-a)^(-a)\0)(0\^ = Tr [ P D(a)\0)(0\D t (a)^ = 

(a\p\a). Therefore, in this case, the verification scheme can 
be realized in a common quantum optical experimental tech- 
nology of preparation of binary coherent states, displacement, 
and threshold photon detection. 

Since any minimum uncertain state is a pure state, the 
"purity" can be connected with the noise of the quadratures. 
Actually, it is possible to estimate a lower bound of a and b 
by homodyne measurements. We define the quadrature oper- 
ators as xi = > ^ 2 — ■ Using Eq. (|A1|I of Appendix 
A with r = 0, we have 

(0|p|0)>|-Tr(p(£? + ^)). (31) 

By substituting p — D' (±y/rja)p±D(±^/rja) into this in- 
equality, a lowerbound of a and b is given as 

{±Vv a \p±\ ± Vv a ) > | - Tr [p±((£i =f Vv a ) 2 + . 

(32) 

The right hand side (rhs) of this inequality consists of the first 
and second moments of the quadratures, and is estimated by 
the homodyne measurements. 

There is a different QD criterion that directly concerns 
quadrature noises [^, [nj, which is formulated to verify the 
entanglement between an optical mode and a qubit, e.g., 
I a ) 1 0) + I ~~ a ) 1 1) ■ This criterion requires the measurements of 
four observable xi,x\,X2,x\ f° r each of the two input states 
| ± a), and uses eight quantities. The derivation of the crite- 
rion is based on the negative partial transpose of the virtual 
entangled states. On the other hand, the present method is 



derived based on the optimization of M&P schemes and re- 
quires measurements of one observable for each of the input 
states, i.e., we use only two quantities, a and b. 



B. teleportation of single-photon polarization 

states 

An interesting application of the QD criterion is the proof 
of entanglement assistance for the quantum teleportation. In 
the Innsbruck first experiment of teleportation [251 ] . the trans- 
mission of the two polarized single-photon states with the 
relative angle of 7r/4 were considered. In this case we take 
|^ ± ) = l-i/4), j = y = l/y/2 and then B = 1/4. The ob- 
served values of the fidelities are about a = 0.82 for 45°- 
polarized state and b = 0.82 for 90°-polarized state [26l. l27j]. 
These fidelities are not high enough to satisfy Criterion (|30l) . 
The requirement of high fidelities for the two-state scheme 
was already pointed out in [l4l. |28|. 



C. storage of squeezed vacuum states 

There are broad approaches to show the quantum nature of 
the processes associated with degree of squeezing. Intuitively, 
the maintenance of squeezing suggests that the process will 
convey the signal with fine structures under the shot noise 
limit. Here, we are concerned with the squeezed light as a 
source of the non-orthogonal states and show how to apply 
our QD criterion to the experiments that provide the degrees 
of squeezing before-and-after the storage or transmission pro- 
cesses [29I. [30l. l3l| . The experiments are mainly initiated to 
realize a higher dimensional quantum information processing. 
The objective of the use of our criterion is to find a workable 
qubit subspace embedded in the higher dimensional space. 

If a squeezed vacuum state is generated, one can prepare 
a set of non-orthogonal states by applying phase rotations on 
the squeezed vacuum. Hence we consider a pair of thermal 
squeezed vacuum states connected with a phase rotation IZo 
as the two input, 0+ and <r_ = 7Zg(a+). We assume that the 
process E is phase insensitive, i.e., EIZe = TZeE for any 9 of 
the rotation angle. Suppose that the transition of 5+ due to 
the process transforms the covariance matrix of a+ as 

C(*+) = (* y ) - C(p+) =(* (33) 

Then the transition of the other state is given by 

C(<7_) = C(H e {a + )) = R(-9)C(a + )R(6) 
-C(p_) = R{-0)C(p+)R(0) (34) 

where R(8) = ( C ° S n S ^ n J^ I . We also assume the first 
w ^ smS cos 9 J 

moment of the quadratures for the output states vanish, 

Tr[p±a] = 0. 

A feasible choice of the target states is squeezed vacuums 
connected with the rotation. We write the squeezing param- 
eter r and then the covariance matrices of the target is given 
by 

C(h/4)<V4I) = ( e oT e -ar), (35) 
C(|^X^|) = R{-9)C{W + ){^' + \)R{9). (36) 
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If the oputput <r± is Gaussian state, the fidelity to the target ity comes from the relation of the geometric-and-arithmetic 
state is given by means. Here r can be selected to obtain the upperbound so 



(V4|/3±|V4) 



that e 2r = \J X'/Y', and the fidelities are estimated by 



< 



Ve 2r Y' + e~ 2r X> + XT' + 1 
2 



(37) 



a — b — 



l + VX^Y 7 

where we use Eq. (jBlJ of Appendix B and the inequal- Using Eq. (JBTJ again, we have 
I 



l + VJCY 7 



(38) 



7 = 




A 2 Y 2 + | [(X + Y) 2 - {X - Y) 2 cos(20)] + 1 - XY + 1 
2 



2 + | [(X' + Y') 2 - (X' - Y') 2 cos(26>)] 



(39) 



r 



TABLE I: The lhs of Criterion (J30J) is estimated from the 
degrees of squeezing (antisqueezing) for input states X (Y ) 
and for output states X' (Y r ) in experiments [29l . |30| . l3ll |. 
The last two columns are the minimized value of the rhs of 
Criterion (|30f) with respect to the rotation angle and the value 
of the angle that achieves the minimum, 8 m i n . The criterion 
(lhs) > (rhs) is not satisfied. 



Ref. 


X (dB) 


Y (dB) 


A' (dB) 


Y' (dB) 


lhs 


rhs 




[29] I 


-2 


6 


-0.07 


0.49 


0.77 


0.994 





[29] II 


-1.24 


4.1 


-0.16 


0.90 


0.84 


0.989 





[30] 


-1.86 


5.38 


-0.21 


1.32 


0.80 


0.983 





[31] 


-6.2 


12.0 


-0.8 


12.4 


0.68 


0.800 






Now we can directly evaluate the both sides of Crite- 
rion (|30|) for the experiments that investigate the degree of 
squeezing before-and-after the process. For the experiment 
demonstrated by Honda et al. [2!| (Method I), the de- 
grees of squeezing and antisqueezing were X — 0.63 (-2dB), 
Y = 3.98 (6dB), A' = 0.98 (-0.07dB), Y' = 1.12 (0.49dB), 
and a = b = %— = 0.77. With the help of Eq. 



l+VX'Y' 

the rhs of Ineq. (130[) is a function of A, Y, A', Y' and 9, 
and is minimized to 0.994 when 8 = 0. The results of similar 
calculation for the experiments [29l . |30| . l3ll ] are summarized 
in Table I. Unfortunately, we have not found the result of the 
experiments where the process is supposed to have enough 
coherence to satisfy our criterion. 

Note that the output-to-target fidelity of Eq. (1371) is for 
the Gaussian states. In realistic, it is not always reasonable 
to assume that the states are Gaussian. In such case, we 
can use the lowerbounds estimated from the quadrature mea- 



surement given in Appendix A. If we choose e 



ir(paf) 



in Eq. IjAip . the projection probability is lowerbounded 
by the observed quadrature noises as {i/ J ±|P±|'0d = } > § ~~ 
2 v /Tr(p±if)Tr( / 5±f|). Hence, we can use 

a = b> i(3-\/A 7 F 7 ) (40) 



instead of Eq. 



provided Tr(p±:ri) = Tr(p±X2) = 0. 



IV. CONCLUSION 

We have considered the average fidelity of the transforma- 
tion task between two pairs of non-orthogonal pure states for 
a given quantum channel and derived a QD criterion The 
criterion takes simple form with a few experimental parame- 
ters and provides a relation between the change of "purity" 
and the change of non-orthogonality in order that the chan- 
nel maintains the inseparability. The criterion can be applied 
for the case of mixed input states by using the Uhlmann fi- 
delity between the mixed inputs. We made a few examples of 
applications for quantum optical experiments. In particular, 
we showed how to apply our criterion for the experiments of 
storage or transmission of squeezed states. While the criterion 
provides a concrete foundation on the transfer of an unknown 
quantum state in relation with the non-orthogonality, it is 
likely that surpassing the classical boundary achievable by 
the classical M&P device requires higher fidelities and lower- 
noise experiments than the achievement of the present exper- 
iments. It will be valuable both in fundamentally and tech- 
nologically to establish quantum channels that attain such a 
high-standard benchmark. 
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APPENDIX A: MEASUREMENT OF FIDELITY 
TO SQUEEZED STATE 

The fidelity to a coherent state can be given by the pho- 
ton detection followed by displacement as described in the 
Sec. IIIA. Similarly the fidelity to a squeezed state can be 
given by the probability of photon detection after certain dis- 
placement and squeezing. While the former can be realized 
within standard technique of linear optics, the latter requires 
squeezing operation. In this appendix we provide a method 
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for estimating the fidelity to a squeezed state with linear op- 
tics and homodyne detection. 

Let us write the photon number operator h = x\ + x\ — i 
and squeezing operator S(r) with degree of squeezing r whose 
action to the quadrature operator is given by S' (r)(xi + 
ix2)S(r) — x\e r + ix2&~ r ■ We define a squeezed photon num- 
ber operator by hs(r) = S* (r)nS(r). Using the spectra de- 
composition of h = ^2^L n\n){n\, we can see that Tr(phs) = 
ZZin{n\&pS\n) > J2~ = M&pS\n) = 1 - <0|^|0) for 
any normalized state p. The inequality comes from n > 1. 
Hence, we have 



(0\S r (r)pS(r)\0) > 1 - Tr (ph s (r)) 
3 

~~ 2 



TV (pxl) e 2r 



Tr(px 2 2 )e- 2r . 



(Al) 



This provides a lower bound of the fidelity to the squeezed 
vacuum state i>(r)|0) from the quadrature moments deter- 
mined by homodyne measurements, Tr {px\ ) and Tr (paif) . 
By taking proper displacement on p beforehand, we obtain 
an estimation of the fidelity to any pure quadrature-squeezed 
state. 

As a function of r, the rhs of Eq. (|Aip is maximized when 
This provides the choice of the target state 
in the last part of Sec. Ill C. 



APPENDIX B: COVARIANCE MATRIX AND 
FIDELITY BETWEEN GAUSSIAN STATES 



The covariance matrix for density operator p is defined by 



| TrlK*i**+* k *i)} _ TrO^TrO*)} with i 



[C(P)]tJ 

{1,2}. The Uhlmann fidelity between Gaussian states pi and 
p 2 is given by [13], 



where 



Tr 



p\p-2\J p\ 



VaTs-Vs 



exp 



[-A T (C(p 1 )+C(p 2 ))- 1 A] 



A 

6 

A 



det(C(pi)+C(p 2 )), 
(detC(pi) - l)(det£(p 2 ) - 1), 

TrOMx) - Tr(p 2 xi) 
Tr(pii 2 ) - Tr(p 2 i 2 ) 



(Bl) 



(B2) 
(B3) 

(B4) 
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